We simulate traces for a catalog of spatiotemporally complex pulses measured using a single-shot complete spatiotemporal pulse-measurement technique we recently developed, called Spatially and Temporally Resolved Intensity and Phase Evaluation Device: Full Information from a Single Hologram (STRIPED FISH). The only such technique ever developed to our knowledge, STRIPED FISH measures the complete spatiotemporal intensity I x;y;t and phase ϕx;y;t of an arbitrary laser pulse using an experimentally recorded trace consisting of multiple digital holograms, one for each frequency present in the pulse. To understand the effects of various spatiotemporal distortions on the STRIPED FISH trace, we numerically investigate STRIPED FISH trace features for a catalog of pulses, including the spatially and temporally transform-limited pulse, temporal and spatial double pulses, spherically focusing and diverging pulses, self-phase modulated and self-focusing pulses, spatiotemporally coupled pulses, and pulses with complex structures. As a practical example, we also analyze an experimentally recorded trace of a focusing pulse with spatial chirp. Overall, we find that, from STRIPED FISH's informative trace, significant spatiotemporal characteristics of the unknown pulse can be immediately recognized from the camera frame. This, coupled with its simple pulse-retrieval algorithm, makes STRIPED FISH an excellent technique for measuring and monitoring ultrafast laser sources.
INTRODUCTION
Many of the greatest scientific discoveries have resulted directly from more powerful methods for measuring light. Among these discoveries are the detection of finely resolved spectral lines from atomic transitions that led to the theory of quantum mechanics and the discovery of DNA using x-ray crystallography, not to mention the essential contributions of telescopes and microscopes to science as we know it. Therefore, developing ever more informative and powerful techniques for measuring light is an important endeavor. Indeed, most naturally occurring light is broadband and hence has ultrafast variations in time which, as a result, cannot currently be measured without resorting to statistical measures. Thus, ultrafast light measurement is one of the key frontiers in light-measurement science. As always, it is best to begin with the simplest of such waveforms, the ultrashort laser pulses [1, 2] , which are generally quite simple but can potentially contain some complexities in both space and time. Due to their ultrafast nature, these pulses are difficult to measure-so much so that, for the first several decades of research in this field, researchers made do with only rough estimates of the pulse duration available from nonlinear optical autocorrelation methods [3] [4] [5] . It was not until the early 1990s that a technique emerged to measure the actual pulse temporal intensity and phase, I t and ϕt [6] [7] [8] . This method, Frequency-Resolved Optical Gating (FROG), has been adapted to characterize pulses from nanosecond to attosecond durations [9, 10] and from infrared to deep ultraviolet wavelengths [11] [12] [13] , but it and other methods that have followed [14] [15] [16] must assume a smooth profile over space [17] . Unfortunately, however, pulse temporal quantities often depend on transverse position, a phenomenon called spatiotemporal couplings (STCs), and only a few techniques [18, 19] can measure even simple first-order STCs [20] .
Measuring STCs is all the more important because deliberately introducing them into the pulse for practical reasons is common. For example, in pulse-shaping applications, angularly dispersive components such as gratings or prisms are typically used [21] [22] [23] to couple the light's temporal or frequency profile with its spatial or angular profile [24] , so that modified or even exotic pulse shapes can be generated, greatly increasing the diversity of ultrashort-pulse applications. Another example is the accurate manipulation of STCs to allow focusing of pulses to very small, intense foci [25] [26] [27] with reduced longitudinal focal regions, which has important applications in microscopy and microfabrication.
Meanwhile, from another perspective, many interesting ultrafast phenomena inherently exhibit complex spatiotemporal structures. Filamentation, in which nonlinear optical effects interact with diffractive effects, allows a beam to propagate with roughly unchanged beam size over a significant distance [28] . Little is known, still, of such a beam's precise space and time shapes. Also, Bessel pulses are of great interest to scientists because of their light bullet behavior and superluminal propagation speed [29] . However, such pulses also exhibit complex spatiotemporal structures that need to be thoroughly characterized.
On the other hand, STCs can be harmful in some cases if not properly eliminated. For example, in chirped pulse amplification, the presence of residual STCs due to misalignment is highly undesirable because they can greatly lengthen the pulse and decrease the peak power [28, 30] . This is also true in spatiotemporal focusing. Although accurate STC manipulations can focus pulses to small foci, alignment is critical and even STCs introduced by lenses can easily distort the short pulses [31, 32] . As a result, in general laser applications, it is essential to measure the complete spatiotemporal field in order to guarantee a promised pulse profile or to prevent undesired pulse distortions.
Furthermore, it is far preferable to know the pulse's spatiotemporal profile on a single-shot and in real time. This is because instability is often present in ultrashort pulses, and if a measurement requires an average over many pulses, it cannot yield correctly the pulse because it averages over different pulses and the measurement can only return one. Unfortunately, most measurement methods-even those that measure only the temporal variations of the pulse-are multishot. Worse, it has recently been shown that most recently developed temporal measurement methods, when confronted with an unstable train of pulses, measure only the well-known and infamous coherent artifact and so yield an erroneously short and simple pulse [33] [34] [35] . Fortunately, for some temporal-intensity and phasemeasurement techniques such as FROG, independent checks exist and the stability of the pulse train can be ascertained. Furthermore, single-shot measurement is possible [33, 34] . However, for spatiotemporal measurement methods, this has not been the case. So far, essentially all complete spatiotemporal methods are multishot and require performing spatial or spectral scans [36] [37] [38] . Therefore, single-shot spatiotemporal pulse characterization is necessary, especially for potentially unstable pulses such as extremely intense pulses from low-rep-rate amplification systems. Also, monitoring the pulse's spatiotemporal profile in real time can help experimentalists distinguish possible problems, quickly make adjustments, and reach decisions. Again, this is possible only if the pulse's complete spatiotemporal information is fully recorded on a single shot.
To meet all these needs, our group has recently introduced a pulse measurement technique called Spatially and Temporally Resolved Intensity and Phase Evaluation Device: Full Information from a Single Hologram (STRIPED FISH) [39, 40] . STRIPED FISH uses a single camera frame to record multiple digital holograms, each at a different frequency, revealing the spatiospectral profile of an unknown pulse. As a result, it can operate single-shot. It also uses a FROGmeasured, spatially filtered reference pulse which, in the case of pulse averaging, performs the task of determining stability of the pulse train before the pulse even enters the STRIPED FISH device. Understanding STRIPED FISH traces can help us identify the spatiotemporal structure of unknown pulse in the experiment simply by visually inspecting the live camera frame, even though the full retrieval algorithm is also direct and fast.
Indeed, it is very important that all pulse-measurement techniques have a catalog of simulated traces for a range of typical pulses [35, 41] in order to better understand the technique's features and issues and to prevent possible misinterpretations, which have occurred many times in the field of ultrashortlaser-pulse measurement in the past due to its many subtleties. Consequently, in this paper we provide such a catalog. We begin our discussion by reviewing the general concept and retrieval algorithm of STRIPED FISH. Then we look at the assumptions used in the simulations and discuss the effects of spatiospectral pulse profiles on the holographic trace. After that, we simulate traces for a catalog of typical pulses, including a transform-limited pulse, temporal and spatial double pulses, spherically focusing or diverging pulses, self-phase modulated and self-focusing pulses, first-order spatiotemporally coupled pulses, and pulses with complicated structures. Finally, as a practical example, we investigate an experimentally recorded trace and compare it with the corresponding simulated trace. With these analyses, we show that STRIPED FISH is a good candidate for measuring and monitoring the spatiotemporal characteristics of ultrashort pulses.
STRIPED FISH
Spectrally resolved digital holography has been applied to retrieve the spatiotemporal field of light [42, 43] . Specifically, to obtain the full spatiotemporal information, holograms of different frequencies need to be recorded between the unknown pulse and a known reference pulse. Then, for each hologram (off-axis holography by angle θ), the unknown spatiospectral field E unk x; y; ω i at one frequency ω i is encoded in the integrated intensity I x; y; ω i :
where the interferometric term E unk x; y;
c sinθ can be extracted by simple Fourier filtering [44] . Then the unknown field E unk x; y; ω i can be obtained with knowledge of the reference field [40] . By applying the same procedures for multiple digital holograms, the spatiospectral information of the unknown pulse can be obtained at
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E unk x; y; t 1 2π
To determine the reference pulse E ref x; y; ω, part of the beam is sent through a spatial filter and then characterized by a FROG device, such as GRENOUILLE [14, 45] . Using part of the same beam helps to guarantee that the spectrum of the reference pulse contains the spectrum of the unknown pulse, so all frequencies in the unknown pulse can be measured. The spatial filter eliminates the high-spatial-frequency components, yielding a spatially smooth beam whose temporal dependence is easy to accurately measure using FROG. As a result, the reference pulse field is completely known in both space and time (frequency). Specifically, the reference pulse field at frequency ω i then has the form
To obtain multiple holograms at different frequencies, wavelength scanning can be performed on the unknown and reference pulses, as was done in Ref. [42] , but this is inherently multishot. More recently, using diffractive optics, angular wavelength-resolving components, and inexpensive high-pixelcount cameras, we showed that it is possible to illuminate different regions of the camera frame with digital holograms at different frequencies [39, 40, 46, 47] . As shown in Fig. 1(a) , the incoming beam pairs are first diffracted into multiple orders and then spectrally filtered into different frequencies by a bandpass filter. The unknown and reference beams cross at a small vertical angle on the camera frame, yielding simultaneously the desired holograms at different locations. By rotating the coarse grating slightly (and maintaining it at this fixed rotation angle), the array of holograms on any given laser shot is tilted slightly [see Fig. 1(b) ], so that each beam pair enters the bandpass filter at a different angle, which, because the filter's transmission wavelength is mainly horizontal angle dependent [31] , yields holograms at different colors and no two holograms have the same color. Note that in our simulation, we use false colors to clearly indicate the different frequencies among holograms. However, in real experiment, a camera only sensitive to pixel saturation will only "see" the recorded integrated intensity, as shown in Fig. 1(c) . To guarantee the intensity homogeneity among the diffraction orders, we also incorporate imaging optics and an apodizing filter [40] . With the knowledge of the previously measured reference pulse, this simple device can measure the unknown pulse's complete spatiotemporal profile, following the algorithm described before. The resulting camera frame of multiple different-color holograms is called the STRIPED FISH trace.
ASSUMPTIONS AND DISCUSSION
To intuitively show the effects of STCs on the STRIPED FISH trace, we have made a few assumptions for our numerical simulations. First, we assume that, if only the STC-free reference pulse is recorded by STRIPED FISH (that is, the unknown pulse is blocked), all of the diffraction orders in the STRIPED FISH trace would have the same intensity, as in Fig. 2(a) . This effectively means that the trace is normalized to the spectrum of the reference pulse. Under this assumption, if an unknown pulse with the same spectrum is measured, all the holograms will still show the same peak intensity. Experimentally, the imaging optics and apodizing filter attempt to make this a reality [40] . Even if the intensities of all diffracted orders are not ideally equal, one can always numerically normalize the recorded values afterward. By making this assumption, however, the intensity variation effects An unknown pulse and a reference pulse are combined into the apparatus, diffracted, spectrally filtered, and finally imaged onto the camera frame, forming holograms at different frequencies. Imaging optics are omitted for simplicity. (b) STRIPED FISH trace is tilted due to the slight rotation of the coarse grating. Each hologram has a different incident angle to the filter, yielding a different frequency. Hereafter, we use false colors in our simulation to interpret different frequencies of holograms. (c) However, in a real experiment with a monochromatic camera, these different frequencies will only be encoded by different orders of holograms, and the color scale of the camera frame is often used for the recorded integrated intensity value.
brought up by the spatiotemporal complexities in the unknown pulse on the STRIPED FISH trace can be clearly shown. In each STRIPED FISH trace we assume 25 holograms, forming a 5 × 5 matrix, each with a different monochromatic wavelength evenly ranging over 25 nm, with the central wavelength λ 0 being 800 nm.
As a STRIPED FISH trace is generated by spatially interfering an unknown beam with a reference beam at each frequency, the trace itself reveals the spatiospectral characteristics of the unknown pulse. As summarized in Table 1 , the unknown pulse spatial structure is contained within each hologram: the spatial intensity is represented by the intensity distribution and the spatial phase is indicated by the fringe shape within one hologram. Likewise, the spectral information is reflected by multiple holograms: the spectral intensity is represented by the intensity variations and the spectral phase is indicated by the fringe shifts among different holograms. When STC exists in the unknown pulse, the STRIPED FISH trace shows correlations between the spatial and spectral effects, which we will discuss later.
PULSE TRACE SIMULATIONS A. Transform-limited Pulse
First, we investigate the simple case when the unknown pulse is a transform-limited Gaussian pulse in both space and time.
The expression for such a spatiotemporal field is Ex; y; t Ex; yEt exp−ax 2 − by
where the parameters a, b, and c are related to the pulse's intensity FWHM spatial widths Δx, Δy, and temporal width Δt q . And note that we hereafter omit the optical carrier-frequency term for all electric fields. We will also omit the subscript indicating the unknown field, as all fields henceforth will refer to the unknown field (to be measured).
The Fourier transform versus t of Eq. (3) gives us the spatiospectral field Ex; y; ω Ex; yEω
In this case, a, b, and c are all defined to be real quantities (1 mm −2 , 1 mm −2 , and 2.04 × 10 −4 fs −2 1∕70 fs 2 ; Δx 1.18 mm, Δy 1.18 mm, and Δt 82.4 fs), so the pulse is collimated and transform-limited, with no temporal chirp or STC. To emphasize the effects of the unknown pulse, we use the above assumptions to plot the simulated traces. A spatiospectral intensity trace of the transform-limited pulse is plotted in Fig. 2(a) , which is the camera trace when no reference pulse is incident. Figure 2(b) shows the equal-intensity STRIPED FISH holograms. In the pictures, color denotes the wavelength and brightness the intensity.
B. Temporal and Spatial Double Pulses
To better illustrate the effects in Table 1 , we now simulate the cases of temporal double pulses and synchronized, spatially separated pulses. The STRIPED FISH traces are shown in Fig. 3 .
The temporal double pulses, each of which is transformlimited, share the same intensity. One pulse is delayed by τ (136 fs) from the other, with a π phase jump in between. To show the spectral-phase variation, we set their arrival time 
From Fig. 3(a) , we can see the variation in the spectral intensity of the double pulse. And from Fig. 3(b) , we can clearly see the corresponding spectral intensity variations among the different-color holograms. Also, the fringe positions vary from hologram to hologram in Fig. 3(b) [compared with Fig. 2(b) ], indicating that the spectral phase of the unknown pulse changes with frequency.
Similarly, we demonstrate the spatial effects in STRIPED FISH traces by simulating a pair of synchronized and spatially separated pulses. Two beams are assumed to propagate in the same direction, the left of which has half the amplitude (and therefore a quarter of the intensity) of the right one. To show the spatial phase variation, we incorporate a π phase jump between the two component pulses. The expression is 
where a 0 b 0 2.04 mm −2 and x 0 0.7 mm. Figures 3(c) and 3(d) show that the left pulse is dimmer than the right one. Also, in the middle of each hologram in Fig. 3(d) , we can clearly observe a fringe discontinuity due to the spatial phase jump.
C. Spherically Focusing or Diverging Pulses
Another interesting case is the focusing or diverging pulse. Focusing or diverging pulses, respectively, correspond to a spatial quadratic phase function with radius R < 0 or R > 0.
Note that in our simulations, the unknown pulse propagates on axis and the reference pulse crosses it from above. The field expression for a pulse with radius of curvature R is
As shown in Fig. 4 , the curvature of the interference fringes indicates the wavefront curvature of the unknown pulse. The rings are not concentric because the unknown and reference beams also cross at a small vertical angle θ. The smaller value the focusing radius R is, the more tightly the pulse is focused and the more curved the fringes will be [see Fig. 4(b) ]. In the opposite R case, when the pulse is diverging, the hologram fringes will be a vertically flipped version of Figs. 4(a) and 4(b) (thus not shown).
D. Self-Phase-Modulated and Self-Focused Pulse
Next, to investigate pulses with modifications in both the spatial and spectral profiles, we look at a pulse with one typical nonlinear optical effect, the intensity-dependent phase. When an intense pulse passes through an optical Kerr medium [48] , self-phase modulation (SPM) can be observed in the time domain. The spatial counterpart, the self-focusing (SF), can also happen for ultrashort pulses with sufficient energy in their propagation through bulk solids, liquids, and gases [49] . Such a pulse with SPM and SF has an approximate expression:
Ex; y; t exp−ax 2 − by 2 − ct 2 exp−in 2 I;
where the intensity term I j exp−ax 2 − by 2 − ct 2 j 2 . Note that, for simulation purposes, we have used normalized field amplitude and (therefore) intensity, with dimensionless, unity peak values. Also, we use a numerical index n 2 to characterize the amount of introduced phase modulation. The resulting spatiospectral and STRIPED FISH traces are shown in Fig. 5 , for 1.5 rad peak phase modulation. Note that the spectral intensity in the picture is dimmer in the middle orders than the side ones. This shows a spectral-broadening effect caused by SPM: due to intensity-dependent temporal phase, the pulse energy has been redistributed toward the edges of the spectrum, so central spectrum appears dimmer after normalization. The slight fringe curvature inside each hologram in Fig. 5(b) indicates the spatial self-focusing, and the effect is more evident again in side orders than the middle ones as a result of the intensity-dependent phase modulation.
E. Spatiotemporally Coupled Pulses
Now we discuss the effects of first-order STCs on STRIPED FISH traces. To begin with, because the STRIPED FISH trace comprises holograms in the spatiospectral domain, we first look at spatial chirp (SPC) and wavefront tilt dispersion (WFD), which correspond to the real and imaginary STC terms in the spatiospectral field [50] . The effect of SPC along the x and y directions are similar, and therefore we only show the SPC along x in Fig. 6 . The corresponding expression is Ex; y; ω exp−ax 2 − by 2 exp2xωSPC
where a, b, and c are defined as before, and SPC and TCP are the spatial chirp and temporal chirp (14 fs/mm and 1 × 10 −4 fs −2 , respectively). As expected, the spatial chirp causes holograms of different frequencies to shift linearly in space with their corresponding frequencies.
Shown in Figs. 7(a) and 7(b) are traces for WFD (−35 fs∕mm) along the x and y directions, respectively. Only STRIPED FISH traces (holograms) are plotted, because WFD is a phase term not visible in the unknown pulse spatiospectral intensity. Thus, the center positions of the holograms are not shifted. The WFD along the x direction causes the fringes to rotate, changing their orientations; however, the WFD along the y direction causes the spacing between fringes to vary, decreasing monotonically from red to blue. Note also that, for collimated beams, WFD is related to angular Research Article dispersion (AGD) [50] . The expressions for the WFD pulses are
Ex; y; ω exp−ax 2 − by 2 exp2iyω WFD
Now we note that, to first order, all STCs in all four domains (temporal, spectral, spatial, and spatial frequency) are interrelated by Fourier transforms [50] . Given the beam parameters and STC terms in one particular domain, the STC values in all other FT-related domains can be uniquely determined. In our case, as the STRIPED FISH trace exists in the spatiospectral (xω) domain, the parameters that sufficiently define the pulse are beam spot size, wavefront curvature, bandwidth and frequency chirp, and the coupling terms SPC and WFD. Therefore, from another perspective, the presence of STCs in other FT-related domains [spatiotemporal (xt), spatial-frequency-temporal (kt), and spatial-frequency-spectral 
Ex; y; t exp−ax 2 − by 2 exp2yt PFT
Applied along the x direction, the effect of PFT shows the combination of the two "fundamental" effects of SPC and WFD shown above. That is, central positions of holograms shift and their fringe orientations vary with frequency. Likewise, when applied along y, PFT shifts the central y positions of the holograms and also varies the fringe spacing. This is in accordance with the discussions in Ref. [51] : PFT can result from AGD or simultaneous SPC and TCP.
F. Simultaneous Cases: Focusing Pulses with STCs
Lenses or focusing mirrors are often used to focus pulses with STCs. For instance, in the typical pulse-shaping geometry, focusing lenses are used to convert angular dispersion to spatial chirp; after passing through the spatial light modulator, the beam propagates through a reverse geometry to undo the effects of the earlier optics [52, 53] . Therefore, we now investigate the STRIPED FISH traces for focusing STCs. We use the same values as before for STCs, and R −1632 mm for pulse 
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focusing. Figures 9(a) and 9(b) show the STRIPED FISH traces for focusing SPC, along the x and y directions, respectively. Due to the SPC, central positions of the holograms shift with frequencies. Also, the fringes are curved, indicating that the unknown pulse is focusing. Note that in Fig. 9(a) , the fringe orientations have seemingly rotated, due to visual artifacts caused by the horizontally shifted intensities. In Figs. 9(c) and 9(d), STRIPED FISH traces for focusing pulses with WFD along x or y are shown. Central positions of these holograms are not shifted. The fringes, either changing their orientations or spacing with respect to frequency, all present curved patterns, which indicates the curved wavefront.
G. Pulses with Complex Structures
To show an example of complex intensity and phase variations, we incorporate a pulse with hypothetical third-order distortions in the spatiospectral domain. The resulted STRIPED FISH trace in Fig. 10 shows the complexity of the pulse, clearly different from any pulse investigated previously. The mathematical expression of the unknown pulse is Ex; y; ω exp−ay 2 
where a, b, c, and C 0 are defined to be 1 mm −2 , 4 mm −2 , 2.04 × 10 −4 fs −2 , and 0.1, respectively. Although complicated, the hologram structures can still be analyzed following the rules stated before. In Fig. 10 , both the spatiospectral intensity trace and the STRIPED FISH hologram trace show beam patterns with a wider span in the y than in the x direction, indicating different beam widths. Although the spatiospectral intensity trace shows the same pattern for all wavelengths (which indicates an identical spectral intensity profile as the Fourier-transform-limited reference pulse), the STRIPED FISH holograms show fringes that vary from order to order. The middle-frequency hologram (green) shows essentially no curvature, and therefore is close to collimation. The lowfrequency hologram (red) shows downward curvature which corresponds to a diverging wavefront, and the high-frequency hologram (blue) shows a focusing wavefront. So mainly the quadratic spatial phase depends on frequency, which is a thirdorder (at least) phase effect. The center positions of the holograms are not shifted and their fringe orientations are not tilted, indicating no SPC or WFD along x. However, it is hard to tell if the unknown pulse contains WFD along y from the trace.
In this manner, a measured STRIPED FISH trace can be interpreted for the unknown pulse's spatiospectral information. Of course, as the STRIPED FISH trace contains the complete information about the unknown pulse, we can run the full retrieval algorithm to yield values for arbitrarily highorder terms (versus x, y, and t or ω) by polynomial-fitting the resulting field.
H. Experimental Example
We now demonstrate an example of experimentally recorded STRIPED FISH trace. The trace is associated with a focusing pulse with SPC along x. Such a pulse profile is introduced by a prism pair and followed by a focusing lens. In the STRIPED FISH trace (Fig. 11) , we can see the STC effects. The intensity of the holograms is fairly even across the trace, suggesting no evident modifications to the reference spectrum. Curved and nearly circular fringes mean that the pulse presents a focusing quadratic spatial phase. Central positions of holograms have small hologram-dependent shifting, and therefore the fringes 
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show slight rotations from the left side to the right side. This agrees with our introduction of spatial chirp into the beam. Thus, the experimental trace matches our expectations from the experimental setup. Moreover, we have performed numerical simulations for the trace, based on the parameters obtained from the experiment, which also show good agreement.
CONCLUSION
With its simple and compact apparatus, STRIPED FISH is a convenient single-shot technique for measuring the complete spatiotemporal field of pulses. Its spatiospectral experimental trace, a set of holograms generated at various frequencies by spatially crossing the reference beam with the unknown beam, is highly informative and needs to be understood. Though a robust pulse-retrieval algorithm can easily extract the complete field information from the STRIPED FISH trace, one can gain much insight immediately about the unknown pulse profile simply by visually inspecting the STRIPED FISH trace on the camera. The STRIPED FISH trace contains (for each frequency) the spatial information of the unknown pulse in one particular hologram, and it records (for each location) the spectral profiles of the unknown pulse among multiple holograms. To help determine the spatiotemporal profile of the unknown pulse, we have simulated STRIPED FISH traces for typical pulse species, where considerably different holographic traces are analyzed in detail. We also show hypothetical and experimental pulse traces to demonstrate what to look for if the pulse contains spatiotemporal complexity. Because the STRIPED FISH trace can be inspected in real time, STRIPED FISH can thus be very useful for measuring or monitoring spatiotemporal profiles of ultrashort pulses.
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